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Abstract. The work is motivated by a result of Manin in [12 , which relates the 
Arakelov Green function on a compact Riemann surface to configurations of geodesies in 
a 3-dimensional hyperbolic handlebody with Schottky uniformization, having the Rie- 
mann surface as conformal boundary at infinity. A natural question is to what extent 
the result of Manin can be generalized to cases where, instead of dealing with a single 
Riemann surface, one has several Riemann surfaces whose union is the boundary of a 
hyperbolic 3-manifold, uniformized no longer by a Schottky group, but by a Fuchsian, 
quasi-Fuchsian, or more general Kleinian group. We have considered this question in 
this work and obtained several partial results that contribute towards constructing an 
analog of Manin's result in this more general context. 



Introduction 

Results. Lets consider that S is a compact Riemann surface. Then we can define a 
Green's function with respect to a metric and a divisor on S. Suppose that M is a hyper- 
bolic 3 - Manifold with infinite volume and having compact Riemann surfaces Si , S2 , ■ ■ ■ , S n 
as its conformal boundaries at infinity. Also choose a geometry on M which bears a metric 
of constant negative curvature. The main new results of this paper express the Green's 
functions on each Si in terms of the length of some certain geodesies in M. Manin has 
done this provided that M has one boundary component (i.e. n=l) and is uniformized by 
a Schottky group in [12]. In this work we will generalize Manin's results in general case, 
M has more than one boundary components and is uniformized by a Fuchsian, quasi- 
Fuchsian or Kleinian group. 

In this introduction we state the main definitions, motivation and the plan of doing the 
work. We start by introducing the definition of a Green's function on a compact Riemann 
surface for a divisor and with respect to a normalized volume form on it. 

Green's functions on Riemann surfaces. Let S be a compact Riemann surface and 
A = s ^2i X rn x {x) ( w hh m x integer number ) be a divisor on S. we show the support of A 
by \A\. Also lets consider that d/j, is a positive real - analytic 2 - form on S. By a Green's 
function on S for A with respect to dfi we mean a real analytic function 

= 9a '■ S \ \A\ — ► K 
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satisfying the following conditions: 
(i) Laplace equation: 

ddgA = 7ri(deg(A)d/j l — 6 a)- 
Where deg(A) = ^2 x m x , and 5a is the standard 6 - current cp i— > J2 X m x l f{x)- 

(ii) Singularities: Let z be a complex coordinate in a neighborhood of the point x. 
Then qa — m x log \ z\ is locally real analytic. 

A function satisfying these two conditions is uniquely determined up to an additive 
constant. And the third condition is 

(iii) Normalization: 

g A dfi = 0. 

Which eliminates the remaining ambiguous constant. g A is additive on A and for x ^ y, 
9x{y) is symmetric, i.e. g x (y) = g y (x). 

Lets consider that B = ^2 y n y (y) is another divisor on S that is prime to the divisor 
A. That means, \A\ n \B\ = 0. And Put 

(0-0.1) 9^A,B) :=J2 n y9»Xy)- 

y 

gA is additive and g x (y) is symmetric, then g^A, B) is symmetric and biadditive in A, B. 

In general, the function g^ depends on the metric dfj,, but in the case that both of the 
divisors are of the degree zero, from the condition (i) we see that g^B depends only 
on A, B. Notice that, as a particular case of the general Kahler formalism, to choose d[i 
is the same as to choose a real analytic Riemannian metric on S compatible with the 
complex structure. This means that g^A^B) = g(A,B) are conformal invariants when 
both divisors are of degree zero. Also in the case that the divisor A is principal, i.e. A is 
the divisor of a meromorphic function like f A , then 

(0.0.2) g(A,B) = log J] \f A (y)\ n « = Re 

ve\B\ 

Where the curve 75 is a 1 - chain with boundary B. The divisors of degree zero on the 
Riemann sphere P X (C) are principal. Then this formula can be directly applied to divisors 
of degree zero on Riemann sphere. 

It is well known that the Green's function of the degree zero divisors on a Riemann 
surface of arbitrary genus can be expressed exactly via the differential of the third kind uja 
with pure imaginary periods and residues m x at x when the divisor is A = ^2m x (x)(see, 
[5], [II]). Then the generalization of the previous formula for arbitrary divisors A, B of 
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degree zero is 

(0.0.3) g{A,B) = Re u A - 

Jib 

In general, when the degree of the divisors are not restricted to zero, the basic Green's 
function g^^ x ){y) can be expressed explicitly via theta functions ( as in [6] ) in the case 
when jj, is the Arakelov metric constructed with the help of an orthonormal basis of the 
differentials of the first kind on the Riemann surface. 

Motivations. The result of Manin in [12] which relates the Arakelov Green function 
on a compact Riemann surface to configurations of geodesies in a 3-dimensional hyper- 
bolic handlebody with Schottky uniformization, having the Riemann surface as conformal 
boundary at infinity, was extremely innovative and influential and had a wide range of 
consequences in the arithmetic context of Arakelov geometry as well as and in other con- 
texts, ranging from p-adic geometry, real hyperbolic 3-manifolds, the holography principle 
and AdS/CFT correspondence in string theory, and noncommutative geometry. A nat- 
ural question is to what extent the result of Manin can be generalized to cases where, 
instead of dealing with a single Riemann surface, one has several Riemann surfaces whose 
union is the boundary of a hyperbolic 3-manifold, uniformized no longer by a Schot- 
tky group, but by a Fuchsian, quasi-Fuchsian, or more general Kleinian group. Such a 
generalization is not only interesting because it is a very natural question to pass from 
Kleinian-Schottky groups to more general Kleinian groups, but also for its potential appli- 
cations to Arakelov geometry, to the case of curves defined over number fields with several 
Archimedean places, while Manin's result was formulated for the case of arithmetic curves 
defined over the rationales. 

Plan. We have focused on the formula in Manin's work, that expresses the Arakelov 
Green's function on a compact Riemann surface in terms of a basis of holomorphic dif- 
ferentials of the first kind and of differentials of the third kind. In the case of Schottky 
uniformization, when the limit set has Hausdorff dimension strictly smaller than one, one 
can construct such differentials in terms of averages over the Schottky group. While the 
same type of formula no longer holds in the Fuchsian or quasi-Fuchsian case, we use the 
canonical covering map relating Fuchsian and Schottky uniformization and the coding 
of limit sets for the Fuchsian and Schottky case, to express the Green function in the 
Fuchsian or quasi-Fuchsian case in terms of the one in the Schottky case. The approach 
we follow for the more general Kleinian case is via a decomposition of the uniformizing 
group as a free product of quasi-Fuchsian and Schottky groups and applying the results 
we obtained for these cases individually. The paper consists of three chapters devoted 
to the cases that the hyperbolic 3-manifold M have 1, 2 and n < oo many boundary 
components at infinity respectively. First chapter pays to the one boundary component 
case and includes four subchapter devoted to the Foundations and the genera 0,1 and > 2 
respectively. Also this chapter contains fundamental definitions and basic computations 
that are bases for the computations in the next chapters. The results of this chapter are a 
summary of the reference p2] . All hyperbolic 3-manifolds with two boundary components 
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with the same genera are uniformized by Quasi-fuchsian groups; the second chapter is de- 
voted to this manifolds. In third chapter we consider the general case i.e. the case that M 
is uniformized by some Kleinian groups and have n < oo boundary components. Finally, 
as a remark for the chapter three we show that for manifolds with oo many boundary 
components at infinity the situation is like the previous. 

Acknowledgement. I am grateful to Matilde Marcolli who suggested this problem, sup- 
ported me in Max-Planck and Hausdorff institute in Bonn, and supervised me in all 
process. I also many thank Saad Varsaie for several useful and encouraging comments. 

1. One boundary component case 

In this chapter, first we gather some fundamental definitions and some useful notations 
that will be used in all of the paper. Next we bring the computation of Green's function for 
Riemann sphere P 1 (C), the boundary at infinity of the hyperbolic space. All 3- manifolds 
with one boundary component that is a compact Riemann surface with genus > 1, are 
uniformized by Schottky groups. The rest of the chapter is devoted to these manifolds. 
The results of this chapter are a summary of the reference [T2] . 

1.1. Foundations. Consider the hyperbolic space H 3 with the upper half space model 
and coordinate (z, y) that comes from CxR + equipped by the hyperbolic distance function 
corresponding to the metric 

(1.1.1) ds 2 = ldzl2+ / y2 

y 

of constant curvature -1. The geodesies in this model are vertical half - lines Z = constant 
and also vertical half - circles orthogonal to the plane at infinity C ( i.e. for y — ). 

If we consider the end points of the geodesies ( including oo for the ends of the vertical 
half-lines), then we can consider the Riemann sphere C = C U {oo} ( or S 2 in the unit 
boll model ) as the boundary at infinity of H 3 . 

1.1.1. Notations. Lets show the geodesic joining a to b in H 3 UC by {a, 6}; by a * 7 the 
point on the geodesic 7 closest to the point a ( i.e, the intersection point of 7 and a 
geodesic passing through a and orthogonal to 7 ); by d u (a, b) the distance from u to the 
geodesic {a, b} and by ordist(a, b) the oriented distance between two points lying on an 
oriented geodesic in H 3 ( Figure [I]). Also lets show by (p u (a,b) the angle (at u ) between 
the semi - geodesies joining u to a and u to b, and for a, b in C by ip 7 (a, b) the oriented 
angle between the semi - geodesies joining a * 7 to a and b * 7 to b. In order to calculate 
ip 7 (a, b) we must first make the parallel translation along 7 identifying the normal spaces 
to 7 at a * 7 and at 6*7. The orientation of a normal space is defined by projecting 
it along oriented 7 to its initial end into the tangent space to C, which is canonically 
oriented by the complex structure. 
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Figure 1. 

1.2. Genus zero case. In this case we consider that the hyperbolic manifold M is the 
hyperbolic space H 3 with Riemann-sphere as its boundary at infinity. For this case we 
have 

Proposition 1.2.1. Fora,b,c and d inP 1 (C) 7 denote byw^ a ^^ a meromorphic function 
on P 1 (C) with the divisor (a) — (b). Then we have 



(1.2.1) 

and 
(1.2.2) 



log 



W(a)-(b)(d) 

W(a)-(b)(c) 



ordist(a * {c, d}, b * {c, d}) 



arg 



W(a)-(b)(d) 

Proof. Mobius transformations preserve hyperbolic distance and angel. Then both sides of 



(1.2.1 ) and (1.2.2) are invariant under these transformations. Hence it suffices to consider 
the case when (a, b, c, d) = (z, 1, 0, oo) in P 1 (C). Then the geodesic {a, 6} = {0, oo} is the 
y semi-axis in (z, y) = {z\ + IZ2, y) coordinate for H 3 and the geodesies joining the points 
a = z and 6=1 normally to this semi-axis are half circles passing from these points 
with center in and normal to C ( Figure [2]). Then we have a * {c, d} = z * {0, 00} = 




Figure 2. 

(0, |*|) , b * {c, d} = 1 * {0, 00} = (0, 1) and 

ordist(a * {c, d}, b * {c, d}) = ordist((0, \z\), (0, 1)) = — log \z 



6 



MAJID HEYDARPOUR 



Also from the properties of cross - ratio we have 

W(a)-(6)(c) W( 2 )-(l)(0) 



W {a y (b) (d) W (z )_(i)(oo) 



This gives (1.2.1) directly. To see (1.2.2), we know that angles in H 3 can be calculated 
using the Euclidean metric \dz\ 2 + dy 2 and also the parallel transport along y semi-axis 
coincides with the Euclidean one. As it's shown in figure [2] the vectors v± and tangent 
to the geodesies from the points z and 1, are normal to {0,oo}. Hence if we transport 
(parallel) the vector v% in the point (0, 1) to the point (0, \z\) then both vectors are in an 
Euclidean plane normal to y semi-axis. Then the angel from the vector v± to the vector 
t>2 can be calculated via there angels from z\ axis. Then we have 

V{o,oc}( z ' l ) = ar 9\ v V - argyu-i) = -arg- 



oo 



This proves $L2ty 



□ 



The part u>( )_(6)(c)/it;( a )_(&)(d) in the proposition above is the classical cross - ratio of 
four points on the Riemann sphere P 1 (C), for which it is convenient to have a special 
notation 

W(o)-(6)(c) 



;i.2.3) 



(a 



,b,c,d) :-- 



W(a)-(b)(d) 

Theorem 1.2.2. Let a,b,c and d be in P 1 (C). Then we have 



(1.2.4) 



g((a)-(b),(c)-(d)) 



—ordist(a * {c, d}, b * {c, d}) 
log | (a, b, c,d)\. 



Proof. From the formula (0.0.2) for the Green's function in the case that the divisors are 
principal, we have 



g((a)-(b),(c)-(d)) 



log Iw^y^c)] 1 log \w (a y [b) (d)\ 1 
W(a)-(b)(c) 



log 



W(a)-(b){d) 



Then from proposition (1.2.1) and notation (1.2.3) we have (1.2.4). 



□ 



1.3. Genus one case. In this case the group that uniformize the hyperbolic 3 - manifold 
with its boundary at infinity is a cyclic group, and there is a nice explicit formula for the 
basic Green's function on the boundary at infinity of 3-manifold; but because we do not 
use it here we do not want to point to it here. But one can find it in [T2]( or for a physical 
point of view in [2]). Of course the process in the next part can be used for this case 



too. We have pointed some notes about this case in section 1.4.1 
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1.4. Genus>l case and Schottky Groups. Consider the complex projective linear 
transformations group PGL(2,C). (i) Kleinian groups. A subgroup G of PGL(2,C) is 
called a Kleinian group if G acts on H 3 properly discontinuously. For a Kleinian group 
G and a point p in H 3 lets denote by G(p), the orbit of the point P under the action 
of G. Since G acts on H 3 Properly discontinuously, G(p) has accumulation points only 
on P 1 (C). They are independent of the choice of the reference point p and are called the 
limit set of G, which is denoted by A(G). Equivalently, it is the closure of the set of 
all fixed points of the elements of G other than the identity. A(G) is the minimal non - 
empty closed G - invariant set. The complement of the limit set P 1 (C) \ A(G) is denoted 
by Q(G) and is called the region of discontinuity of G. 

The Kleinian group G is called of the first kind if A(G) = P X (C) and of the second 
kind if Q(G) ^ 0. In the case that G is of the second kind G acts on Q(G) properly 
discontinuously. Therefor in this case Q(G) is the maximal open G - invariant subset of 
P X (C) where G acts properly discontinuously. The quotient space Q(G)/G has the com- 
plex structure induced from that of Q(G). Thus Q(G)/G is a countable union of Riemann 
surfaces lying at infinity of the complete hyperbolic 3 - manifold H 3 /G. For a torsion free 
Kleinian group G, a manifold (H 3 U Vt(G))/G possibly with boundary is denoted by M G 
and is called a Kleinian manifold. The interior H 3 /G of Mq which admits the hyperbolic 
structure is denoted by N G . 

(ii) Loxodromic, Parabolic and Elliptic elements. An element g in PGL(2,C) is called 
loxodromic if it has exactly two different fixed points in P 1 (C). These points are denoted 
by z + (g) and z~ (g) and are called attracting one and repelling one. For any zq ^ z ± (g) and 
h e PGL(2,C), we have z ± (g) = \im n ^ ±OQ g n , z ± {g) = ^Qr 1 ), z ± {hgh- 1 ) = hz ± {g). If 
we denote by q(g) the eigenvalue of g on the complex tangent space to z + (g) then there is a 

local coordinate for P X (C) that in this coordinate g is represented by ^ ^ ^ 1 ) 

reason q(g) is called the multiplier of g, and we have \q(g)\ < 1, q{g) = q{g~ V ) = q{hgh~ l ). 
Also by definition g is called a parabolic element if it has precisely one fixed point in P 1 (C), 
and elliptic if it has fixed points in H 3 . In fact an elliptic element fixes all points of a 
geodesic in H 3 joining two fixed points in P X (C). For a loxodromic or elliptic element g 
the geodesic joining two fixed points in P X (C) is called axis of g. An element is elliptic if 
and only if it has finite order, then elliptic elements cause a singularity in Nq- For this 
reason we consider Kleinian groups without elliptic elements. This means that the group 
is torsion free or equivalently acts freely on H 3 . 

(Hi) Schottky groups. A finitely generated, free and purely loxodromic Kleinian group 
is called a Schottky group. Purely loxodromic means, all elements except the identity 
are loxodromic. For such a group Y the number of a minimal set of generators is called 
the genus of Y. A marking for a Schottky group Y of genus p by definition is a family of 
2p open connected domains Di, ...,D 2p in P X (C) and a family of generators gi,...,g p e Y 
with the following properties. For i — 1, ...,p 
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a) The boundary C, of A is a Jordan curve homeomorphic to S 1 and closures of A 
are pairwise disjoint. 

b) g l {C l ) C C p+ , and ft (A) C P X (C) \ D p+l . 

We say that a marking is classical, if all Cj are circles. It is known that every Schottky 
group admits a marking. In fact each Schottky group admit infinitely many marking but 
there are some Schottky groups for which no classical marking exists. 

(iv) r - invariant sets of the Schottky groups and there quotient spaces. A Schottky 
group T is a Kleinian group, then it acts on H 3 properly discontinuously. This action 
is free too. Then the quotient space = H 3 /T has a complete hyperbolic 3-manifold 
structure this means that it is a non-compact Riemann space of constant curvature -1. 
Topologically, If V is of genus p then = H 3 /T is the interior of a handlebody of genus p. 

Now lets consider the marking { D x , ...,D 2p ; gi, g p } for the Schottky group T of 
genus p and put 

p 

(1.4.1) X r := P X (C) \ |J(A U A*<), fi ( r ) : = U 9( X ^)- 

i=i 9 er 

The set O(r) is the region of discontinuity of F and X-p is a fundamental domain for the 
action of T on P X (C). Then T acts on O(T) freely and properly discontinuously. So the 
quotient space Sr = fi(r)/T is a complex Riemann surface of genus p. All compact Rie- 
mann surfaces can be obtained in this way ( see [8]) and every compact Riemann surface 
admits infinitely many different Schottky covers. 

The Cayley graph of a Schottky group T of genus p is an infinite tree with multiplicity 
of 2p at each vertex. T is free, then this tree is without loops and each path between 
two points is unique. Now, by the definition of a marking for T, each generator g^ takes 
Xp to the inside of C p+ i and again the generator gj takes this part to the inside of the 
second copy of C p+ j inside C p+ i. This means that for each element g in T we can associate 
a path in the Cayley graph that the points of Xr moves along that path on a tubular 
neighborhood. This express the action of T on the set O(r) ( Figure [3] illustrating this for 
the case p = 2 ). We can consider the Riemann surface Sr as the boundary at infinity of 
the manifold iVr by identifying the points of Sr with the points of the set of equivalence 
classes of unbounded ends of oriented geodesies in Nr modulo the relation "distance=0" . 

By the definition of the limit set for a Kleinian group, the complement 

(1.4.2) A(r) := F\C) \tt(T) 

is the limit set of T. For the cyclic Schottky groups ( of genus 1 ) the limit set A(r) 
consists of two points which can be chosen as 0, oo, but for genus> 2 this set is an infinite 
Cantor set ( see [IB]). 
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Figure 3. 



Lets consider the irreducible left - infinite words like h = ■■■h e i i ...h £ ° . Where hi G 
{gi, ...,g p }, Si = ±1, and zq is a point in the fundamental domain Xr- And put 



This is a well defined point of A(r) and is independent of the point zq. Since T is a free 
group, the map h i— > z + (h) establishes a bijection as following 



Denote by a(T) the Hausdorff dimension of the set A(r). It can be characterized as the 
convergence abscissa of any Poincare series 



Where z is any coordinate function on P X (C) with a zero and a pole in fl(r). For sgC 
that Re(s) > a(T), this series converges uniformly on compact subsets of fi(r). Generally 
we have < a(T) < 2 (See [3]). In the next section we will consider a(T) < 1 to have 
the convergency of some infinite products defining some T - automorphic functions. This 
class of Schottky groups was characterized by Bowen [3] in following way: a(T) < 1 if and 
only if T admits a rectifiable invariant quasi-circle (which then contains A(r) ). 

Choose marking for T of genus p and denote by a, the image of Cj in Sr with induced 
orientation. Also for i = l,...,p choose the points Xi in Cj and denote by bi the images 
in Sr of oriented pathes from %i to Qi{xi) lying in X r . These images are obviously closed 
paths and we can choose them in such a way that they don't intersect. If we denote the 



(1.4.3) 



z + (h) = .lim hl\..h s °(z ) 




(1.4.4) 
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classes of these pathes in 1- homology group iJi(5r,Z) by the same notations, then the 
set {cii, bj} form a canonical basis of this group i.e. for all i — 1, ...,p we have 

(1.4.5) (ai, Oj) = (6i, 6j) = , (tii, &j) = 

Moreover the kernel of the map Hi(Sr, Z) — >■ Hi (Mr, Z) which is induced by the inclusion 
Sr M r is generated by the classes a*. 

1.4.1. Differentials of the first kind. Lets consider the cyclic Schottky group Y =< qz >, 
for q e C, |g| < 1. In this case A(r) = {0,oo} and consequently Q(T) = C*. Then a 
differential of the first kind on Cl(T) = C* can be written as 

(1.4.6) oj = dlogz = dlog m(0) " (oo) j Z | = dlog(0,oo, z,Zo). 

W(0)-(oo)(^o) 

where z is an y point 7^ 0, 00. And for d\ogq n z = dlogz, this differential determines 
a differential of the first kind on S T - In general case for a Schottky group T of genus 
p we can make a differential of the first kind u g for any 3 G T on ^(r) and Sr by an 
appropriate averaging of this formula. Lets consider a marking for T and Denote by C(\g) 
a set of representatives of T/(g z ); by C{h\g) a similar set for (h z ) \ Y/^g 1 ); and by S(g) 
the conjugacy class of g in T. Then for any z G £l(T) we have 

Proposition 1.4.1. (a) Ifa(T) < 1, the following series converges absolutely for z e fi(r) 
and determines (the lift to Sr of ) a differential of the first kind on Sr-' 

(1.4.7) u g = dlog{h(z + (g)),h(z-(g)),z,z ). 

heCQg) 

This differential does not depend on z Q , and depends on g additively. Also If the class of 
g is primitive ( i.e. non - divisible in H:= r/[r,T] ), uj 9 can be rewritten as following 

(1.4.8) u g = d\og(z + (h),z-(h),z,z ). 

h€S(g) 

(b) If gi form a part of the marking ofY, and are the homology classes described before, 
we have 



(1.4.9) f 

J a; 



u 9j = 2ni8ij. 



It follows that the map g mod [r,T] 1— > uj g embeds H as a sublattice in the space of all 
differentials of the first kind. 

(c) Denote by {bj} the complementary set of homology classes in Hi(Sr, Z) as in before. 
Then we have for i 7^ j , with an appropriate choice of logarithm branches: 

(1.4.10) r l3 := j u g .= ^g(z + (g l ),z~(g i ),h(z + (g J )),h(z-(g j ))) 
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And 

(1.4.11) T ll = \ogq(g i )+ Yl fo8(zH9i),z~{9i)Mz + (9i)),h(z-(gi))) 

h&C (gi\gi) 

where Co(gi\gi) is C(gi\g,j) without the identity class. 



Proof. For the proofs, see [12] and [13] . Notice that our notation here slightly differs from 
[12] ; in particular, here corresponds to 2niTij of [12]. □ 



1.4.2. Differentials of the third kind and Green's functions. Lets consider the points a 
and b in Xr the fundamental domain of T and put ^( )-(6) — J2her dlog(a, b, h(z), h(za)). 
Then assuming a(T) < 1, we see that this series absolutely converges and because it's 
T - automorphic it gives us a differential of the third kind on S-p with residues ±1 at 
the images of a, b in Sr- Moreover, since both points a, b are out of the circles Cj, its ctj 
- periods vanish. Now, if we consider the linear combination f( )-(&) — T7j=i («, b)u 9j 
with real coefficients Xj, then it will have pure imaginary cij - periods and If we find real 
coefficients Xj so that the real part of &j - periods of the form 



(1.4.12) ^(a)-(fe) = "(a)-(&) - y]-Xj-(a,6)c 

3=1 

vanish, we will be able to use this differential in order to calculate conformally invariant 
Green's functions. The set of the equations for calculating the coefficients Xj(a, b) are as 
following 

p . 

(1.4.13) 22x j (a 1 b)Ren j = Re v (a)Hb) = ^ log \{a, b, z + {h), z~(h))\ 

0=1 Jbi h&S( 9i ) 



for i — 1, ...,p. The parts Rerij are calculated by means of formula (1.4.10) and (1.4.11), 
and bi - periods of f(o)-(&) are given in [T2]. 



Now if we denote the points a, b, c, and d in Sr and their images in the fundamental 
domain Xr by the same notations, then we have 

/C f-C 
u (o.)-(b) = 5^ log I (a,b,h(c),h(d)) I) Re / w 9j = log | (z + (h),z~(h),c,d) | 

her J d heS(gj) 

And finally we have the Green's function on Sr as following 



9((a) ~ (&), (c) - (d)) = Re W(a)-(6) 



her 
p 



;i.4.14) -]Tx,(a,6) ^ tog|(2 + (/i),2-(/i),c,d> 

i=i heS( gj ) 
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2. TWO BOUNDARY COMPONENT CASE 

All hyperbolic Riemann surfaces are uniformized by Fuchsian groups. Also Fuchsian 
groups act on hyperbolic space by Poincare extension and uniformize some hyperbolic 
3-manifolds with two boundaries at infinity with the same genera. But they do not 
uniformize all such manifolds; In fact they are uniformized by an extension of Fuchsian 
groups that are called Quasi-Fuchsian groups. In this chapter first we intend to extend 
the method in previous chapter to fuchsian groups and then for Quasi-fuchsian groups. 

Consider hyperbolic plane H 2 with the upper half plane model and coordinate z = 
x + iy G C with y > 0, equipped by the hyperbolic distance function corresponding to the 
metric 

(2.0.15) ds 2 = 

y 

of the constant curvature -1. The geodesies in this model are vertical half- lines x = 
constant and vertical half-circles orthogonal to the line at infinity 1R ( i.e, for y = ). 

If we consider the end points of geodesies ( including oo for the end of vertical half-lines 
other than the end in K ) then we can consider circle R = MU {oo} ( or P 1 (IR) = S 1 in 
unit disc model ) as boundary at infinity of H 2 . 



2.1. Fuchsian Groups. Each subgroup F of PGL(2,M.), the general projective linear 
group over M, that acts freely and properly discontinuously on H 2 is called a Fuchsian 
group. Similar to the Kleinian groups the limit set A(F) and the region of discontinu- 
ity £l(F) are defined but in K, the boundary at infinity of H 2 . And the properties are 
similar to them. Also similar to the loxodromic elements, a hyperbolic element is an 
element h G PGL(2,M.) with two fixed points z (h) in R. For a Fuchsian group F the 
quotient space H 2 /F is a hyperbolic Riemann surface possibly with boundary Q(F)/F ( 
If <>(/•) / ). 

Let F be a Fuchsian group such that S = H 2 /F is a compact Riemann surface with 
the genus p > 1. Then F is a purely hyperbolic group of finite order 2p (for example see 
[9]). Lets denote by the generators of F and by Fix(fi) = {z ± (fi)} the fixed point 
set of fi. Also consider that P is the fundamental polygon of F with a±, bi, a[, b[, . . . , b' p 
as it's sides, such that /j(aj) = a\ and f p+i (bi) = b[ for i = 1, . . . ,p. We represent P as 
following: 

(2.1.1) P = a x {x 1 )b x {y 1 )a' 1 {x' l )b' 1 {y' l ) . . . a' p (x' p )b' p (y' p ) 

Where Xi,x[, y; t and y\ are the intersection points of eij and 6 i; a\ and b\ and so on. Now 
we have 

v 

in(S)^F=({f r ,i = l,..., 2p}; H[f h f p+i ) = I) 

l 
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And also ( See for example [9]). 

If we denote by a, and &j the images of a, and 6j in S, then {a~j,Oj} generate Hi(S,Z). 

2.2. Extension of Fuchsian group on if 3 . F acts similarly, freely and properly dis- 
continuously on lower half plane —if 2 of C too, and —if 2 is F-invariant. Lets denote by 
F the Poincare extension of F on if 3 too (see [IS] or |18j). By this extension F can be 
considered Kleinian group. And we have 

if 3 if 2 

iV> = — ^ — x (0,1) = S x (0,1) and F = 7n(iV» = ttx(3) 
F F 

(See [IS]). And N F has a hyperbolic structure, [15] . 

2.3. F invariants. We know that A(F) the limit point set of F is R ( S* 1 in unit disc 
model ), [3]. Then as a Kleinian group A(F) = RcC and the region of discontinuity of 
F considering as a Kleinian group is 

(2.3.1) tt(F) = C\A(F) = C\R = -H 2 U ff 2 
And also the Kleinian manifold is 

(2.3.2) M F = H ^-p^± = S* m . 

F 

Now because S is compact then dS = 0. Consequently A^^ is a hyperbolic 3 - manifold 
with two compact boundary component at infinity Sq = H 2 /F = S x {0} and S\ = 
—H 2 /F = S x {1} with the same genus p. 

2.4. Coding of the points of A(F) and the Geodesies. For convenience and having 
a simple intuition lets consider the unit disc model for if 2 in this section. We can code 
points of A(F) = S 1 and geodesies with beginning and end points on A(F) = S 1 as 
following: 

Lets mark semicircles including sides of P by ci,...,c 4p in the counter clockwise di- 
rection around S 1 and put g x = f u g 2 = f P+ i,g 3 = fx 1 , 9a = fp+i,9b = fa, 9% = 
fp+2,97 = f^^s = fp+2, and so on - In general for k = 0, ...,p- 1, g 4 k+i = fk+i, 9ik+% = 

fp+k+i, g±k+3 = / fc ~ + 1 1 ,5 , 4fc+4 = fp+k+v And label end P° ints °f c i on S 1 by Pi and Qi+i ( 
with Qip+i = Qi ) with Pi occurring before Qi+% in the counter clockwise direction, ( See 
figure |i] ) . And define 

fp '. — > S 1 

f F (x) = gi(x) if x G [Pi,P i+1 ) 

Then fp is a well defined map and is called a Markov map related to the Fuchsian group 
F. We have the following lemma 
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Figure 4. 

Lemma 2.4.1. The map fp and the group F are orbit equivalent on S 1 , namely except 
for the pairs (Qi, gi-iQi) , for i — 1,2, ...,4p; for each x,y in S l , x = f(y) for some f in 
F if and only if there exists nonnegative integers n,m such that fp(x) = fp l (y). 

Proof. ( See 01). □ 

Now label each arc [Pi, Pi+i) by and for each element x in S l put x = (..., x 2 , Xi,x ). 
Where the component x n is the label of the segment to which fp(x) belongs. We know 
that for each generator /j of F, the fixed point Z + (fi) is in the circle a^U (— and Z~(fi) 
is in a,i U (— at) then from the definition of Markov map we have 

(2.4.1) Z + (f t ) = (..., fr\ fr\ f^) and Z"(/0 = (..., h, h, f t ) 

Next, if {x, y} be a geodesic with the beginning point x E S 1 and end point y = 
(---, 2/2,2/i,2/o) e S 1 then put 

(2.4.2) {x,y} = (...,x 2 ,x 1 ,x ,y 1 ,yi 1 ,y2 1 ,--)- 

Now for each h £ F let 7^ = {z + (/i), ^ _ (/i)} show the geodesic arc between £ + (/i) and 
z~(h) (the axis of /i) and 7^ the image of 7^ in A^^. Then we have the following geodesies 
in N F 

• Closed geodesies: a geodesic in N F is closed if and only if it's the projection of the 
axis of a hyperbolic element in F, 

• Images of the geodesies with beginning and end points in A(F), 

• Geodesies with beginning points in dNp that are limit cycle to 7*., for a generator 
fi of /<\ 

• Geodesies with beginning and end points in So or Si., 

• Geodesies with beginning point in 5*0 and end point in S% and vis versa. 
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2.5. Schottky groups associated to the Fuchsian groups. For the Riemann surface 
S and associated Fuchsian group F as above let N be the smallest normal subgroup of 
F including fa for i = p + 1, ...,2p. Then it's obvious that the factor group F/N is a 
free group generated by p generators. If we consider the covering S — > S associated to 
N, then from normality of N the group of deck transformations of this cover is F/N and 
according to the classical Koebe uniformization theorem pIJ]( see also [7j)there is a planar 
region Q C C that is a region of discontinuity of a Schottky group T =< 71,72, ■■-,'Jp > 
and F/N ~ T. S is covering isomorphic to Q — ft(T) and for coverings J : H 2 — ► ^(r), 
7Tr : fi(r) — > fi(r)/r and 7Tp : H 2 — > H 2 / F we have 7Tr o J = irp i-6. the following 
diagram is commutative 

# 2 n(r) 

5 



Also we have Jo/j = r ) i o J for z = 1 , . . . , p and Jo / = J for each f in N and each map- 
pings is complex-analytic covering and T is uniquely determined to within conjugation in 
PC7L(2,C) PEE]. 

For an extension of J to a set some more than H 2 that we need it in the later compu- 
tations, lets denote by F the free subgroup of F generated by fi, f p . We know that 
A(F ) is a subset of A(F). A(F ) is F invariant and is out of the closer of the fundamental 
domain of F , then all points of A(F ) are in only the circles Cj that are related to the 
generators of F and their inverses. This shows that the coding of each point in A(F ) 
includes only the generators of Fq and their inverses. Also since each generator of F like / 
is an isometry of H 2 , it's a composition of two reflections, then f(x) is not in the isometry 
circle of f^ 1 for each point x in S l . Then by the definition of the Markov map fp all the 
codings of the points of S 1 are irreducible. This means that each point x in A(Fq) can 
be coded by the irreducible formal combination x = (..., f^ 2 , f^ 1 , f^) for ij < p. This 
Fuchsian coding is suitable for expressing geodesies in iV^ or Sf when the beginning and 
end points of the geodesies are in A(Fq) and also can be used for extending the map J on 
A(Fo) and maybe on some more. 



Now we want to extend J to H uA(Fo) ( onto O(r) = C ). For this, we know that each 
element of A(T) can be coded by the infinite words z = ■■■li^liilio ( z o) f° r a constant 
zq in O(r) and 6{ = ±1. Similarly, since Fq is free and purely loxodromic group then 
it's a Schottky group too and we can use Schottky coding for it too. For conveniences in 
some proofs we will use Schottky codings for the points of A(Fq). Then each point x in 
A(F ) can be coded by the infinite words x = ■■■f^ 2 f^ 1 fi*° (^0) f° r ij — V and a constant 
point x in £l(F ) C C ( also H 2 C £l(F Q ) ). Then we can consider x in fl(F Q ) R H 2 such 



that Zq = J(xq). Also from (2.4.1) and using the properties of a loxodromic element and 



invariance of the limit set under F ( or F$ ) it is not hard to show that on A(Fq) we have 
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the following relation between Fuchsian and Schottky coding 

£ ei k £' £i l £ £i -C £i k £ £i l £ e i0 t \ _ <7+ I £ ei k £ €i l £ €i 0\ 
"'Jik '"Jii J io Jik '"Jii J io \ 0/ \J it '"Jil J io > 

(O E 1 \ I £~ £i f~ ei k-l £~ ei k £~ 6i f~ €i k-l f~ € i)t\ 

yz..o.±) {...,j io )"')Ji k _i i J ik ' J io '■"'■'ifc—i i J ik ' 

And also this is true for repelling points too because of the relation Z~(f) = Z + (f~ 1 ) for 
each / in F . Now, lets put 

(2-5.2) A-.f^f^f^ixo)) = .-7? 7?7?(ab) 

in other words, by the definition of infinite words, the continuity of J and the relation 
J o f(x) =70 J(x) on H 2 

./(..,/;? ./;: : ./f(-'u)! = J(iim ./;; ; ..,/;;' ./;;'. /;;••(.',,)) 

= hm Jf^...f^f^f^(xo) 
= lim 7?-7j 2 7S 1 72°( J ( a:; o)) 

e io e ii e in / \ 

= -7ia 7n 7i (*o) 

(2.5.3) 



Then the map J : A(i*o) — > A(r) is well defined and onto. Also from (2.5.1) we see that 
we can explain J and consequently the functions ( spatially Green's function ) on So by 
the Fuchsian coding, when these functions are expressed via this map. 

For each point x in A(F ) and element / in F equivalent to 7 (i.e. 
T = '''^h^io ' w h ere ij < p and fi is replaced by 7^ and vice versa ) we have 

Jof(...f^f^f^(xo))=loJ(...f^f^f^(x )) 
Then J o / = 7 o J and J(z ± (f)) = z ± ( , y). 

2.6. Automorphic Functions on Sq. Let Fo be the free group generated by f\,...,f p 
and D = Em I (x) be a divisor with support |_D| in H 2 . Put Do := Sm^Ja;) and again lets 
denote by wa a meromorphic function on P X (C) with the divisor A, and for an element 
x in H 2 \{J f€F J(\D\) define: 

Theorem 2.6.1. For the Schottky group T associated to the Fuchsian group F , if a(T) < 



1, then the product (2.6.1) converges absolutely and uniformly on any compact subset of 
H 2 , after deleting a finite number of factors that may have a pole or zero on this subset. 

Proof. Let A" be a compact subset of H 2 . Since F acts on H 2 properly discontinuously 
the set Kp = {/* G F \f(K) f)\D\ 7^ 0} is finite. If we delete the set Kp from the index 
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set of the product (2.6.1) then for each / 6 F \ Kp when f(x) and f(xo) lie outside a 
fixed compact neighborhood of \D\ we have 



w Do (Jf(x)) 



1 



< c\Jf(x) - Jf(x )\ = c\a(z) - a(z )\ 



da(z) da(z ) 



w Do (Jf(x )) 

^ c d 
~ 2 dz dz 

Where c is a constant, z = J(x), zq = J(xq) and / ~ a 



and ad — be = 1). 



The last inequality comes from the equality j^tj^p 
series 



I da(z) 
I dz 



a b 
c d 

. Now since a(T) < 1 the 



(2.6.2) 



7er 



dj{z) 

d.z 



converges uniformly on the compact subsets of OfT). Then the product (2.6.1) is conver- 
gent. □ 

In Wd tX0 (x), if we change the point x to X\, then we have Wd^ xq {x) = C^Wd,xA x )- 
Where C** is a nonzero complex number that depends on the points Xq and X\ and 
C%C%? = i. Also, for / e F and x G H 2 we have 



ttt v l r w Do (Jh(x ))) t r w Do (Jh(x)) 

W D , X0 {fx) = [J WDo l Jhf -i(^ 11 — 7~77T7ITy\ = )H z,,J.r). 



is a nonzero complex number multiplicative on .D and / and also independent of 
xo- We can see this as following 

Then fJ^(f) = A*d (/)■ When T is a cyclic group //£>(/) = 1. This shows that Wd, xo is 
not .F automorphic function on if 2 in general. 

Theorem 2.6.2. aj Lets denote by C(f\g) a set of the representatives of (f n )\Fo/(g n ). 
T/ien /or f ^ g mod[Fo, Fq] in Fq we have 

(J(h(x ))) 



^(g(x 1 ))-(x 1 )(f) = Yl 



heF 



w ( jg {xi)) - {Jxi) {J{ho f ^xq))) 



(2.6.3) 



n 



heC(f\g) 



w (J(z+(f)))-(J(z-(j)))(Jh(z + (g))) 
w (J(z+(f)))-(J(z-(f)))( Jh ( z ~(g))) 



And by defining Q(f) := (J(z + (f)), J(z (f)),J(f(xi)),J(x 1 )) we have 

(2.6.4) /'(/(tt - a Ui ~ Wi 11 ? 77wW7vn 

Where C (f\f) is the set C(f\f) without the identity class. 

b) Lets denote by C(\f) a set of representatives of F /(f n ) and by S(f) the conjugacy 
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class of f in Fq. Then for some x\ in H 2 such that Z\ = J{x{) stays in fi(r) \ T^, we 
have 

W ( >r\ TT W (JHz + (f)))-(JHz-(f)))( J ( X )) 
W(/(x 1 ))-Cr 1 ).*oW - 11 / t/ ^ 

fte o(i/) ^(^+(/)))-(^-(/)))wl x oJJ 
^ 2 6 5 ^ TT w (J(z+(h)))-(J(z-(h))){J{x)) 

hes(f) w (J(z+(h)))-(J(z-(h)))(J(xo)) 

And this is independent of x\. 

Proof. Lets put J(g(x\)) = a, J(x\) = b and w^ a y^)(x) = then we have 

j-r a - Jh(x ) , a - Jhf- 1 (x ) 
Mto^M^UJ - 11 ft _ J/l(xo) / ft _ w -i (a . o) 

TT TT° TT — - J U~ m h9 n {xo)) b - J{f- m hg n -\x Q )) 
J-J- J-J- a- J(f- m hg n - l (x )) b- J(f- m hg n (x )) 

h&C(f\g)m=-oon=-oo w ^ V u/y w » V v ) ) 

m=oo n=oo . „ 
A n tf 



n n n 



n tfn—1 



A n \ tf^ti 

h£C(f\g) m=~oo n=-oo 

nl r B— oo / I r A n B n —\ 

, 11 Ui^n-l 5 n ~ A^-l B N 

heC(f\g)m=-oo \-N 

n ''jf a-J{r m h{z+{g)) b-J(f- m h(z-(g))) 
JLmiL a ~ JU- m Hz-{g))) b - J{f-h{z+{g))) 

, 2fifi x TT Tf Jjr+Hxi)) ~ mz+(g)) J(r(xi))-J(Kz-(g))) 

HecmmtL J (f m+1 ^)) ~ m*r{j>))) Af m (xi)) ~ J(h(z+(g))) 
n J(z+(f)) - J(h(z+(g)) J(z-(f)) - J(h(z-(g))) 

TT w (J(z+(f)))~(Az'(f)))(Jh^ + (9))) 
heC(f\g) W Wz + U)))-(J(z-(f)))( Jh (z-(g))) 



The part (2.6.6) comes from the equation J o g = 7 o J and the invariance of the Cross- 
Ratio on the action of Mobius transformations. The second part of a) and b) can be 
proved similarly. For b) we should consider that h{z ± {g)) = z ± (hgh~ 1 ). □ 

In above theorem in the case that the divisor is (a) — (b) we have 

(2 ' 6 - 7) ,n , -w^rfMi' 
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By previous theorem VF(/( xl ))_( xl ) )X0 (a;) is a meromorphic function without any poles and 
zeroes m H 2 then it is a holomorphic function on H 2 . Also as we see in the expression, it 
is independent of the point x\. 

2.7. Differentials of the first kind on S . For each / in F lets put 

u f = d\ogW if{xi)) _ {xi):X0 (x). 
However We>,x is n °t F- automorphic function on H 2 in general but we have 

,x \ x )- 

And this shows that the differential dlogWr> jX0 (x) is F automorphic. Then Uf is a differ- 
ential of the first kind on So- 

According to the classical theorem of cuts we can choose £l(T) the region of discontinuity 
of the Schottky group T with the marking {Di, D 2p ; 71, 72, ••-,7 P } with C, = dDi such 
that di the image of a* for i — 1, ...,p in S'o be coincident with the image of C p+ j. And 
these together with 5j the image of fej for i = l,...,p in S'o make a canonical base for 
#!(So,Z) i.e. 



(2.7.1) (a«,Oj) = (bi,bj) = anrf ( a «?^i) — & 



Proposition 2.7.1. is a Riemann's basis for the space of differentials of the 

first kind on S by choosing the previous base for Hi(S , Z) i.e. 

(2.7.2) hj^» = 5 «- 

b) If we denote by C(f\g) a set of the representatives of (f n )\Fo/(g n ) and by Co(f\g), the 
set C(f\g) without the identity class, Then for i 7^ j we have 

(2.7.3) r tJ := f Ufi = log(J(z + (f))), J(z-(fj)), J{h{z + {fi)), -W^CA))) 

and fori =j by defining Q(fi) := {J(z + (f i )),J(z~(f i )),J(f i (xi)),J(x 1 )) we have 

(2.7.4) T U = IogQ(/0 + log(J(z + (/0), Az-(fi)), J(h(z + (f t )), J(h(z~(f t ))}. 

hec (fi\fi) 



Proof. We have 

W( 7 ( Zl ))-( 2l )(a(*)) 
^ r w {7{zi)) _ {zi) {a{z )) 



(2-7.5) W r (/(xi))-(xi),xo( a; ) = II 



where z = J(x),z = J(x ), Z\ = J(xi) and / ~ 7. If we show this equality for 
fi, i = 1,2,3, by 

(2-7.6) W(/ i (si))-( a .i) 1 xo( a: ) = W r ( 7i («))-(«i) )Zo (^) 
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then for a) we have 

1 f 1 



2-, I- UJfl = 2^i J- dlogW (f^))-^)^) 

1 f dJ dlogW( Mxi)) -( xl )tX0 (x) 



2ni L dx dz 



1 f dlogW {li{zi)) - {z i)tZo {z) dz 



d\ogW Mzi)) _ {zi) , Zo (z) 

rflogW( a ( 2 +( 7i )))_ (a ( z -( 7i )))(2;) 



2vri J J{aj) dz 
1 

1 

2vri 




c, 



p+j 



if a(z + (-n)) G D p+j ,a(z (7,)) ^ D p+j 

{ -1 «7 «0 + (7i)) £ A>+i,a0~(7i)) e A>+j 
*6C(l7i) I otherwise 

The last equality comes from this fact that if i — j since z + { r )i)) G -D p +i and z~(7t) G -Di, 
only for a = id the first alternative and for all a ^ id the third one is valid. If i 7^ j only 
the third alternative is right for all a. We can see these from the Figure 1. 

For the first part of b). We have shown by the point Xj the intersection of aj and bj in 
the representation of P, the fundamental domain of F. Then bj is the image of the part 
of bi that is between the points Xj and fj{xj) in the fundamental domain. Now, from ( 



2.6.3) we have 



Wf t = d\ogW (Mxi) y {xiUo (x) 
= l g W (.fi(xi))-(zi),xo(fj( x j)) 

^(/ 1 (s*))-(a:i),*o( a: j) 
= \ og ( TT w (Jfi(xi))-(Jxi)( Jh fj( x j)) I TT W(j /l(x . 1 ))-(j Xl )(J/j-(x i )) \ 

y> lo w (J(^(/ J -)))-(J( z -(/ J -)))(^(^ + (/i))) 
w (^ + (/,)))-(^-(/,)))( J/l (^(^))) 

(2.7.7) = Iog(J(« + (/i)),J(«-(/i)),J(^ + (/0),^(«-(/i))> 

hec(fj\fi) 

Where the last equality comes from the definition in chapter one. Similarly we can reach 



to the second part of b) using (2.6.4). □ 
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2.8. Differentials of the third kind and Green's functions. For a,b,c,d G So lets 
denote by the same words the corresponding points in P C H 2 the fundamental domain 
of F ( then Ja, Jb, Jc and Jd are in C\ Uf =1 (D { U D p+i ) the fundamental domain of Y) 
and put ^(a)-(£>) = d\ogW( a y(b),x (x)- Then ^( a )-(&) is a differential of third kind on S 
with the residues 1 and -1 at the images of a and b. Also, because the points a and b 
are in the fundamental do main t hen they are out of the circles Cj. Then ai - periods of 
V( a )-(b) are zero, and from (2.6.7) the bk - periods are 

V{a)-(b)= I d\ogW (a y {b)jX0 (x) 



= hg W (a)~(bUo(fj( X j)) 

= l f TT w Ma))-Mb))(Jhfj(Xj)) I TT w (J(a))-(J(b))( Jh (xj)) \ 
viib w (na))-(J(b))(Jh{x )) I fc Al w iAa)) - Wb)) (Jh(x )) J 

= log fl^-^fj) 

= 1 TT ^(J(q))-(J(fe))(^(^ + (^))) 
h } s f f]) w (Aa))~(J(b))( J ^-(h))) 

(2.8.1) = ^ log(J(a),J(6),J(z + (/i)),J(z-(/i))). 
Then we have 

#e / i/ (a) _ (6) = log|/i( tt )_( 6 )(/ i )| = l °g\( J ( a ), J ( b ), J ( z+ ( h )), J ( z ~( h )))\- 

Now, we can reach to a differential of the third kind with pure imaginary periods by 
defining 

p 

(2.8.2) ^(a)-(b) = f(a)-(6) - X ^ fl ' 

i=l 

Where the real coefficients X^a, b) are such that the set of the equations 

P , 

^^Xj{a,b)ReTij = Re / z/ (a) _ (6) = ^ log |(Ja, J6, J(z + (h)), J(z~(h)))\ 

for i = 1, ...,p are satisfied. In fact the coefficients Xi(a,b) kill the real part of the b{ - 
periods of vi^-W)- Notice that the new differential form Uf a \-n,\ probably have nonzero cjj 
- periods, but since the coefficients X^a, b) are real and h. ojf, are pure imaginary then 
they are pure imaginary too. 
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Finally, if we denote the points a, b, c, and d in So and the images of these points in the 
fundamental domain of F by the same notations, then we have 



"(a)-(6)=/ dlogW( o) _(6), X0 (ar) 



log 



(a) — (b),xo I 



(a) — (b),xo 



(d) 



log n 



W(J(q))-(J(6))(J^(c)) / -|-r W(j( a) )_(j( 6 ))(Jfe(d)) \ 

W(j(.a))-(j(b))(Jh(x )) / ^j o W iJia) y {J{b)) (Jh(x )) J 

W(J( a ))-(J(b))(Jh(c)) 



(2.8.3) 

And by (ggjl) 



log li w (^))-(^))( J/i ( rf )) 

J2^g(J(a),J(b),J(h(c)),J(h(d))}. 

hEF 



[ d\ogW {Mxi)y{xi 
Jd 



),X0 



X 



log 



(.fi(xi))-(xi),xo 



C 



W / (/ i ( :Cl ))-(a :i ), a; o(rf) 

"'(J(z+(/ 1 )))-(J(z-(^)))( J ( C )) 



log 



n 



heS(fi) w Wz+(h))) _ (Az - W)) (J(xo)) 



n 



w (J(z+(h)))~(J(z-(fc)))( J ( d )) 

/l65(/i) "> (J(z+w)) _ (J f (z - w)) (J(!Bo)) 

W(J( z +(? l )))-(J( z -(/ l )))(J(c)) 



(2.8.4) 



log Ff i n ro 

\og(J(z + (h)), J(z~(h)), J(c), J{d)). 

heS(fi) 



Then the Green's function on So can be computed as following 
g((a) - (b), (c) - (d)) = Re [ uJ( a )-{b) 

= Re 



p (o)-{b) -^2Xi(a,b)Re 



i=i 



J^log \ {J(a),J(b),J(h(c)),J(h(d))) 



heF 



(2.8.5) 



j^M) ^ log | (J(z + (h)),J( Z -(h)),J(c),J(d)) 



i=l 
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Because of the commutativity of the diagram 



H 2 Q(T) 



the image of the point x G H 2 and J(x) G fi(r) are the same in So. Then the above 
formula for the Green's function on So gives an expression via the points on 5*0. In fact for 
the points a, b in fl(F) the images of the geodesies {a, b} and { J(a), J(b)} in the Kleinian 
manifold Mp are the same. We can see this by using the following covering spaces 



A(F ) in a natural way then for each / G F the image of the geodesies {Z + (f), Z (/)} 
and {J(Z + (/)), J(Z~(/))} in N F are the same. 

One can reach to a formula for the Green's function on S\ similarly by replacing —H 2 
and — P instead of H 2 and P. 

Definition 2.8.1. A finitely generated, torsion free Kleinian group Q is called Quasi - 
Fuchsian if the limit set A(Q) be a Jordan curve and each of the two simply connected 
components of Q(Q) be Q-invariant. 

Proposition 2.8.2. Given a Quasi - Fuchsian group Q, there exist a Fuchsian group F 
and a quasiconformal diffeomorphism between Kleinian manifolds Mq and Mp. 



Lets denote by D\ and D2 the simply connected components of Q(Q) for Quasi-Fuchsian 
group Q. Then there are two Fuchsian groups F\ and F2 related to Q such that Di/Q 
is homeomorphic to H 2 /Fi. Then each Fi is isomorphic to Q. Also since Q\a(q) is 
topologically conjugate to F^ ( or Fi\ s i in unit disk model ) then naturally there is a 
Markov map /q : A(Q) — ► A(Q) like Fuchsian case. Then all the statements for Fuchsian 
groups can be extended to the Quasi - Fuchsian groups. In this case because the Jordan 
curve A(Q) is generally not smooth nor even rectifiable ( [2] p. 263 ) then the hausdorff 
dimension of the subgroup Qq of Q ( like F for Fuchsian case F) may be not less than 1 
in general. We have the following theorem 

Theorem 2.8.3. For a finitely generated Kleinian group G the following conditions are 
equivalent 

(1) Mq = (H 3 U Q(G))/G is diffeomorphic to S x [0, 1] where S is a component of OMq; 

(2) G is Quasi - Fuchsian; 

(3) Q(G) has an invariant component that is a Jordan domain; 

(4) fl(G) has two invariant components; 




3 U2 _ rr2 



(2.8.6) 



For all parts Aut(X) ~ T, 



Proof. ( See pP). 



□ 



Proof. ( See P], page 125). 



□ 
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Also two homeomorphic Riemann surfaces can be made uniform simultaneously by a 
single Quasi - Fuchsian group ( theorem of Bers on simultaneous uniformization). Then 
we have the computations for all hyperbolic 3 - manifolds with two compact Riemann 
surfaces with the same genus as it's boundary components. 

3. n Boundary components case 

Already, we have computed the Green's function for the boundary components of a 
hyperbolic 3-manifolds with two boundary at infinity with the same genera. In this 
chapter we want to do the problem for the most general case that the Green's function 
can be defined i.e. for manifolds with n < oo boundary components that are compact 
Riemann surfaces probably with different genera. The case with two boundary is different 
genera are included in this case too. Such manifolds are uniformized by some Kleinian 
groups and for the first, we will try to find a decomposition for such Kleinian groups. 
This, help us to find invariants of these groups that are necessary for computing the 
automorphic functions that will be used for computing the differentials and the Green's 
functions. In all of this section we consider G to be a finitely generated and torsion free 
Kleinian group of the second kind ( i.e. Q(G) ^ 0). 

Theorem 3.0.4. (The Ahlfors finiteness theorem) Let G be a finitely generated 
and torsion free Kleinian group. Then OMq = Q(G)/G is a finite union of analytically 
finite Riemann surfaces( closed Riemann surface from which a finite number of points are 
removed ). 

Proof. ( See P). □ 
For the rest of the section we consider 

(3.0.7) dM G = ^ = S x U S 2 U ... U S n+1 

such that for each i, Si is a compact Riemann surface of genus Pi and without cusped 
point. Then we should consider that G doesn't have any parabolic elements. Also consider 
that the component S n+ \ is the one that for i = 1, ...,n, p n +i > Pi- In this case G is a 
function group ( A finitely generated non - elementary Kleinian group which has an 
invariant component in its region of discontinuity ) and there is an invariant component 
Q in Q(G). 

Proposition 3.0.5. Let G be a function group with an invariant component Q Q in Q(G). 
Then A(G) = dQ^. And hence all the other components of Q(G) are simply connected. 

Proof. ( See [15]). □ 

We consider two cases for Qq in the proposition above: 
Casel: The component flo is simply connected. Then in this case G is a B - group ( 
a function group with simply connected invariant component ). And we know that a 
B-group with a compact boundary component say Sk is a Quasi - Fuchsian group ( See 
P2] page 411). 

Case2: The component Qq is not simply connected. In this case we have the following 
theorem. 
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Theorem 3.0.6. Let G be a function group with invariant component VLq that is not a 
simply connected component. Then G has a decomposition into a free product of subgroups 
as following 

G = 05 1 * • ■ • * 05 r * 2li * • • • * 2t s * < pi >*•••*< p t >*<fi >*■■■*< f u > 

Where each 05.; is a B - group , 2lj is a free abelian group of rank two with two parabolic 
generators, < pi > is the cyclic group generated by the parabolic transformation pi and 
< fi > is the cyclic group generated by the loxodromic transformation fi. Furthermore, 
each parabolic transformation in G is conjugate in G to one a listed subgroup. G has finite 
- sided fundamental polyhedron if and only if all the groups 05; do. 

Proof. [IT] page 420 ( see also [15]). □ 

This theorem shows that in our special case we have 
(3.0.8) (?=»!*•••* 05 r * </i>*---*</ u >. 

For B - groups if one boundary component be compact then it's a Quasi - Fuchsian group. 
And < fi >*■■■*< f u > is a free and purely loxodromic group and consequently it's a 
Schottky group [15] . Hence we have 



(3.0.9) G = Q 1 *---*Q n *T 

Where Qi is a Quasi - Fuchsian group and V is a schottky group. Then by Van Kampen 
theorem we have 

(3.0.10) Mq = M Ql #M Q2 # ■ ■ ■ #M Qn #M r 

and if dM Qi = S Qx U S' Q . then 

(3.0.11) S n + 1 = S' Ql #S' Ch # — #S' Qn #Sr and % = £. 

We will denote by p the genus of Schottky group T in the decomposition of the group 
G. We intend to analyze the structure of the region of discontinuity of G. For the first, 
we consider the case that we don't have the Schottky group T in the decomposition of 
G. Lets denote by Di and D[ the simply connected components of the Quasi - Fuchsian 
group Qi. 

Lemma 3.0.7. For each g eG, g(Di) n A = A or g>(A) n A = 0- 

Lemma 3.0.8. For each i = 1, ...,n, the sets A = UgeG^-^*) are ^ ' invariant. Then 

riiA = 0. 



From proposition (3.0.5 ) all other components than VIq of Cl(G) are simply connected. 



Now, since Si fl • • • fl S n = and from lemmas ( 3.0.7 ), ( 3.0.8 ) and the decomposition 



of dM G we see that {A> D 2 , D n , O } is a complete system of representatives of the 
equivalent classes ( Qi and Sl 2 are equivalent or conjugate if and only if staba(£li) is 
conjugate in G to stabci^)', and since z ± {hgh~ 1 ) = hz ± (g) then Qi and Q 2 are equivalent 
or conjugate if and only if there is a g in G such that Qi = g(fi 2 ) ) of the components of 
fl(Cr). Since f2o is G - invariant the class of f2o has one member. Then we have 
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Proposition 3.0.9. If we consider that the class of Di is for SQ t = Si, then 

n n 

^=c\(uu^))=nn^)- 

i=l geG i=i geG 

Proof. Q(G) contains only the G - invariant sets T>i and Qq. 



□ 



By lemmas ( 3.0.7| ), ( |3.0.8| ) and proposition ( |3.0.9| ) we have 

n n 

(3.0.12) A(G) = |J (J ^(A)) = |J (J 9(HQi))- 

i=l geG i=l geG 

( Figure [5] for the case that n = 3 and there is no Schottky group ). Then we have 




(3.0.13) 



Figure 5. 



Si = D 1 /Q u - ■ ■ ,S n = D n /Q n and S n+ i=£l /G. 



3.1. Fundamental domain of the group G. Let Ki = -FjUF 1 / be a fundamental domain 
for the group Qi such that Fi C Di and F[ C D[. Then a fundamental domain for the 
group G is ( Figure M) 



(3.1.1) 



^=(U^) u (n^) 



i=l 



i=l 



In this case we have p n +i = Pi + P2 + • • • + Pn 



Now, lets consider the general case that there is a Schottky group T =< 701, 7o PO > 
(of order po) in the decomposition of the group G. Again we know that all other com- 
ponents of fl(G) than Q Q is simply connected. Then <9Mr can not be glued to the 
components other than S n+ i in OMq- Also this means that in this case we have 

n n 

fi o = (C \ (|J |J g{Di))) \ |J ^(A(r )) = f| (f| g{D>) \ g(A(T ))) 



i=l geG 



geG 



geG i=l 
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Figure 6. 

And 

n 

(3.1.2) A(G) = \J\Jg(A(Q l )UA(T )). 

i=l g£G 

In this case if {Ai, A 2po ; 701, • 7o PO } a marking for the Schottky group T , then the 
fundamental domain is 

n n po 

(3.1.3) K=(\J F{) U ((f) [J(A U A P0+i )). 

i=l i=l i=l 

And also for the genus of the component S n+ i we have p n +i = Po + Pi + • • • + p n - 

3.2. Green's Function on S^. For each i = 1, ...,n lets consider 

Pi 

(3.2.1) Qi = = l,...,2p i };Y[[q ij ,qi p . +j ] = I). 

3=1 

Then we can compute Green's function on the components Si for i — 1, ...,n as like as 
the previous section. 

3.3. Schottky group associated to the group G. From the definition of Qi we know 
that Qi/Ni is a free group generated by Pi generators. We have the following lemma 

Lemma 3.3.1. Lets denote by N the smallest normal subgroup of the group Qi* ■ ■ ■ * Q n 
including the generators qij for i — 1, ...,n and j = Pi + 1, ...,2pj and &e £/ie smallest 
normal subgroup of the group Qi including the generators for j — pi + 1, ...,2pi. Then 
we have 

(331) Qi*---*<3»^gi Q» 

Proof. In the case n = 2 the map 



28 



MAJID HEYDARPOUR 



X l ...X k I — > x l ...x k 

is an isomorphism. The general case is true by induction on n. □ 

Now if N be the smallest normal subgroup of the group G including the generators q^ 
for i = 1, n and j = p { + 1, 2pi, Then by the previous lemma one can see that G/N 
is isomorphic to the group 

„ Ql Qn -n -n n 

lo*^*---*^ = to*J-l*---*J-ri- 

Then G/N is a free group of order p n+ ±. 

Now lets consider the covering space map Qq — > S n+ ±. Since iV is a normal subgroup 
of G then the covering space flo/N — > S n+ y is regular and is between Q — > S n+ i with 
the covering transformations group Aut(Q /N) = G/N that is a free group of order p n+ ±. 
Then similar to the previous section we have a Schottky group T = (7^, 7,2, li Pi \ i = 
0, ...,n ) ( we can arrange the generators of the group T in this way because of the 
isometry ) and a complex - analytic covering mapping J : Q — > ^CO such that the 
following diagram is commutative 

tt Q(r) 

and for i = 1, n and j < Jog^- = 7^ J and for j > Pi, Joqij = J and Jo*y j —^ joJ 
(we have considered the same notations for the generators of Tj and T ). As a matter of 
fact there is a Fuchsian group F and there are normal subgroups Hy and H 2 of F such 
that the sequence 

(3.3.2) h 2 -*+ - n M g - I 

is the composition of analytic covering maps. Then we have the composition of covering 
maps 

(3.3.3) H 2 *Z ^S n+1 

and since F/H 2 = Aut(Q /N) = G/N is a free group, like the previous section we have 
Qo/N = H 2 /H 2 = ^(r) for some Schottky group T. In fact, for the first, because of the 
isometries F/Hy = Aut(H 2 j Hy = Q ) = G we can choose the Fuchsian group 

n Pi 

(3.3.4) F={{f ir ,i = 0,...,n j = 1, 2^}; JJ ijtA,-, = 7 ) 

i=0 j=l 

such that the equations ^ o J' = J' o for i = 1, ...,n and j = 1, ...,Pi are satisfied. 
Where gij(— q%j or j j) are the generators of G. Then like the previous section we can 
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choose uniquely up to conjugation in PGL(2,C) the Schottky group T that satisfies the 
equations 

(3.3.5) (J o J') o = 7^ o (J o J') and (J o J') o f ip . +j = J o J' 

Then since J' is onto, the relations J o = 7^ o J and J o gi Pi +j = J are satisfied 
automatically for i = l,...,n and j = 1, ...,Pi. This means that the following diagram is 
commutative in all loops 

H 2 Q fi(r) 

# 2 fi ft(r) 

This gives a proof for the existing the of covering space O(T) and Schottky group T sat- 
isfying the properties that we need and also shows the relations between the Fuchsian 
group F , Kleinian group G and the Schottky group T associated to S n+ i. 

Now lets put Go = T * Q w * Q 2 o * ■ ■ ■ * Q n o- Where is the free subgroup of Qi 
generated by the elements qn, ■ ■■,qi Pv For the extension of J to A (Go) i-e. defining the 
map J : QqU A(Gq) — > C, we know that each Q i0 is free and purely loxodromic then it is 
a Schottky group. Like the previous section we can code an element of A(Q i0 ) by Schottky 
coding x = ■ ■ ■ qijlqlj*qlj°(x ) for j k < and a point x in fi C D[. For each element g 
in G lets denote by 7 the element in T corresponding to g, such that J o g = 7 o J. Now 
put 

J : IJ 9(H^o)) — > A(r) 

g€G 

9(- ■ ■ «T£(*o)) ~ 7(" • •7of 2 7o1 1 7o? (^o)) 
Where zo = J(xo)- And for i — 1, ...,n put 

J, : |J <?(A(Q l0 )) — A(r) 

9 eG 



And finally lets define 

J : A(G ) — A(r) 
Jo(x) i/i6U jeG j( A ( r o)) 



J(z) 



Ji(x) i/xeU 96G 9(W) 



Then like the previous section we can show that for each element g in Go and 7 the 
element of T corresponding to g and each x in A (Go) we have J o g(x) = 70 J(x) and 
J(^±(^)) = ^±(7). Also like the previous chapter we can consider the Fuchsian coding 



for the points of A(Gq) and from (2.5.1) we can explain J and consequently the Green's 



function on S n+ \ via the Fuchsian coding. 
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3.4. Green's function of S n+ i. If we consider the condition a(T) < 1 and use the 
subgroup Go = r * Qw * Q20 * • • • * Q n .o instead of F in the previous section then one 
can bring all of the definitions like before with some changes, and compute the Green's 
function on S n+ i and the other parts in the same way. In this case we should notice that 
if {dij,bij\i = 0, ...,n,j = 1, ...,Pi} be a set that makes a base for Hi(S n+ i,Z) then each 
member of it has a class of images in Q . But we can consider that the representatives 
that are used in the computations are in the fundamental domain. As its shown in figure 
[6j In this case these images are in D\ R fi for % = 1, ...,n and also in f2(r ) ^ ^0 for 
i = 0. Then the representatives for Si and S n+ i are coincide if we uniformize Si by D' iy 
i.e. identifying both components of dM.Q i . Final formula for the Green's function on S n+ i 
is as following 

g Sn+i ((a)-(b),(c)-(d))= ^log| (J(a),J(h),J(f(c)),J(f(d))) I 

feGo 

(3.4.1) - X*3^ b ) E (J(z + (f)),J(z-(f)),J(c), J (d))\ 

i=0,...,n feS(fij) 

J=l,-,pi 

Where is equal to qij for i = l,...,n and to joj for i = 0, and Xij(a,b) are the 
multipliers for g Sn+1 . 

3.5. Remark (Infinitely many boundary component case ). When we have in- 
finitely many boundary components in the boundary of Nq that are Riemann surfaces 
without puncture, according to the Ahlfors finiteness theorem, G is an infinitely generated 
Kleinian group. And hence one of the boundary components of Mq is with infinity genus 
and is not a compact Riemann surface then for this component the Green's function is 
not defined. But for the other components we can bring the computations similar to the 
previous condition using some subgroups of G that are isomorphic to the Kleinian groups 
in the previous sections. 
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